
Liquid sensing capability of rolled-up tubular optical microcavities:
a theoretical study{

Fangyuan Zhao,a Tianrong Zhan,b Gaoshan Huang,c Yongfeng Mei*c and Xinhua Hu*a

Received 10th April 2012, Accepted 18th July 2012

DOI: 10.1039/c2lc40743d

Rolled-up tubular optical microcavities are a novel type of optical sensor for identifying different

liquids and monitoring single cells. Based on a Mie scattering method, we systematically study the

optical resonances and liquid sensing capability of microtubes. Analytical formulas are presented to

calculate the resonant wavelengths lr, Q factors, sensitivities S and figures of merit QS. Both ideal

and rolled-up microtubes are considered for different optical materials in tube walls (refractive indices

ranging from 1.5 to 2.5) and for three setups: tube-in-liquid, hollow-tube-in-liquid and liquid-in-tube.

It is found that for rolled-up microtubes, the highest QS can be achieved by using the liquid-in-tube

setup and very thin wall thicknesses. A maximal sensitivity is found in the case of the liquid cylinder.

Our theory well explains a recent experiment under the setup of tube-in-liquid. It is also found that,

although it describes the case of tube-in-liquid well, the waveguide approximation approach is not

suitable for the case of liquid-in-tube. The results could be useful to design better optofluidic devices

based on rolled-up microtubes.

Introduction

Optofluidics is an emerging research field that combines

microfluidics and optics.1,2 Although the idea of using fluids

and optics has been applied in examples such as oil-immersion

microscopes and liquid-crystal displays,3,4 modern optofluidics

aims at creating similar devices on a smaller scale comparable to

wavelengths.5,6 By introducing microfluids, the propagation of

light can be manipulated in a small photonic circuit.7–9 On the

other hand, the refractive indices of liquids nL can be deduced

from the wavelength of optical modes.10–13 As a result,

important devices such as tunable photonic circuits and lab-

on-a-chip for physical, chemical and biological analyses could be

achieved based on optofluidics.1,2

Microtubes are interesting optofluidic devices that can carry

liquids and support optical resonances with whispering gallery

modes (WGMs).14–31 The original microtubes are stretched silica

capillaries that have relatively large sizes (with outer diameter

h = 80–100 mm and wall thickness D = 2–4 mm). 14–16 Although

the optical resonances of microtubes can be detected by coupling

microtubes with optical fibers, the measurement system is still

complex and resonances with high Q factors are difficult to

observe.

Recently, a novel class of microtubes, which have smaller

sizes (h = 1–10 mm and D = 50–200 nm) and versatile wall

composition, have been fabricated by rolling up prestressed solid

thin films.17–29 By incorporating photoluminescent materials into

the tube walls, the optical resonances of the rolled-up microtubes

can be easily detected from photoluminescent spectra especially

for high-Q modes.23–27 Due to their subwavelength wall

thickness, the microtubes have resonances sensitive to ambient

refractive index and thus are suitable for identifying different

liquids.28 Since their diameters are comparable to the size of a

single cell, the rolled-up microtubes can also be applied to

capture and monitor single cells, promising high potential for

lab-on-a-chip applications.29,31

Although some studies have been performed on liquid-sensing

with rolled-up microtubes (under the tube-in-liquid setup), the

greatest possible performance of such liquid sensors, and how to

realize it, remain unknown. In this paper, we present a

comprehensive theoretical study on the optical resonances and

liquid-sensing capability of rolled-up microtubes. Rigorous

formulas are presented to calculate the resonant wavelength lr,

Q factors, sensitivities S ; dlr/dnL and figures of merit QS of

microtubes. In order to identify liquids with refractive index nL

of around 1.33 (water), we consider both ideal and rolled-up

microtubes with different materials in the tube walls (with

refractive indices from 1.5 to 2.5) and under three setups: liquid-

in-tube, hollow-tube-in-liquid and tube-in-liquid [see Fig. 1(d)–

1(f)]. It is found that for certain materials and resonant modes in

rolled-up microtubes, the highest QS can be obtained by using
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the liquid-in-tube setup and very thin wall thickness. A maximal

sensitivity is found in the case of liquid cylinders. Based on our

theory, a recent experiment is well explained and the applic-

ability of a prevailing method of waveguide approximation is

also identified.

Theory

The microtube under study has a two-layered cylindrical

structure as shown in Fig. 1. The layer indices i are 1 and 3 for

the media in and outside the microtube, respectively. i = 2 for the

tube wall. The ith layer has an outer radius of ri, refractive index

of ni and dielectric constant of ei = n2
i . The microtube is along the

z direction and perpendicular to the x–y plane. Transverse-

magnetic/transverse-electric (TM/TE) resonances exist in micro-

tubes and can be excited by TM/TE waves that propagate in

the x–y plane and have the electric/magnetic field along the z

direction. However, TM resonances have larger Q-factors than

TE ones and thus are more suitable for sensing.28,34 Hence, we

focus on TM resonances, although formulas are presented for

both TM and TE resonances.

Waveguide approximation

The wall of the microtube is a film with a refractive index of n2.

When this film is flat, it can support waveguide modes with

propagating constants b satisfying

t1 + t3 2 (1 2 t1t3)tan(q2D) = 0 (1)

where t1~
q1

q2
(
e2q1

e1q2
) and t3~

q3

q2
(
e3q1

e1q3
) for waves with E (H) field

parallel to the film, q2
1 = b2 2 n2

1k2
0, q2

3 = b2 2 n2
3k2

0, q2
2 = n2

2k2
0 2 b2,

k0 = 2p/l, l is the wavelength in vacuum, n1~
ffiffiffiffi

e1

p
and n3~

ffiffiffiffi

e3

p
are

the refractive indices of media below and above the film,

respectively.28 Hence, WGM resonances occur in the microtube

when

bL = 2pm (2)

where L = p (r1 + r2) and the integer m is the order of resonance.

Mie scattering method

Although the above waveguide method can be applied to

estimate the resonant wavelengths of microtubes,28,34 it cannot

present Q factors and show the difference between the cases in

Fig. 1(d) and 1(e). For rolled-up microtubes, the finite-difference

time-domain (FDTD) method has been applied to obtain the Q

factors and accurate values of lr.
20–22,24,25,27–29 However, the

simulations are time consuming, especially for high-Q cases.

Here, we apply a Mie scattering method to accurately obtain the

resonant wavelengths and Q factors of microtubes.32–35 When

TM (TE) waves are incident on a microtube, the electric field

Ez (magnetic field Hz) in the ith layer can be written as

Sm[ai,mJm(kir) + bi,mH
ð1Þ
m (kir)]eimw, where ki = nik0, and the Bessel

function Jm and Hankel function of the first kind H
ð1Þ
m stand for

incident and scattering waves, respectively. The cylindrical

coordinates (r,w) are in the x–y plane and have an origin at the

center of the microtube. Using continuities of Ez (Hz) and
LEz

Lr
(e{1 LHz

Lr
) for TM (TE) waves, we have

J
0

m uð ÞzDiz1,mH
1ð Þ0

m uð Þ
Jm uð ÞzDiz1,mH

1ð Þ
m uð Þ

~
ai

aiz1

J
0

m vð ÞzDi,mH
1ð Þ0

m vð Þ
Jm vð ÞzDi,mH

1ð Þ
m vð Þ

(3)

where u = ki+1ri, v = kiri, Di,m = bi,m/ai,m and ai = ki (kiei) for TM (TE)

waves. Using D1,m = 0 and eqn (2), we can obtain the scattering

coefficient D3,m of the microtube. For plane-wave incidence, the total

scattering cross section of the microtube is given by

Cs:
X

m

Cs,m~
X

m

2l

p
D3,mj j2 (4)

The partial scattering cross section Cs,m with the mth order

exhibits a Lorentz line shape near resonance, Cs,m = pm/[(k0 2

km)2 + c2
m], where km = 2p/lm, lm is the resonant wavelength, cm

is the damping rate and pm = 4k{1
0 c2

m when n2 is real. We note

that using three points of Cs,m(k0) near resonance, the resonant

wavelength lm and quality factor Q = km/(2cm) can be

numerically obtained.

Results

Mode with m = 40

We first study the resonant mode with m = 40 for a microtube

with n2 = 2 and D = 0.02h. Microtubes with such parameters can

be fabricated by rolling up a SiO/SiO2 film and following with a

HfO2 coated layer. Fig. 2(a) shows the partial scattering cross

section Cs,40 for the microtube when it is immersed in water.

From Cs,40, we can obtain the reduced resonant frequency h/lr of

8.14 for the TM resonance with m = 40. We note that Fig. 2(a) is

valid for microtubes with different diameters h and the resonant

wavelength lr is 675.7 nm for h = 5.5 mm. At the resonant

wavelength, the electric field is found to be mainly concentrated

in the tube wall as shown in Fig. 2(c) and 2(d). However, the

fields of evanescent waves also enter the water since the thickness

of the tube wall is much smaller than the resonant wavelength

(D = 0.16lr). From Fig. 2(b), we can see that the resonant

Fig. 1 (a) 3D and (b) cross-section schematic views of a microtube. The

microtube has a diameter of h, wall thickness of D and refractive index of

n2 in the wall. The refractive indices are n1 and n3 for media inside and

outside the microtube, respectively. The incident light is propagating in

the x–y plane and has E field along the z direction. (c)–(f) The microtube

is placed in four kinds of environment: in air (c), with liquid inside and

air outside (d), with liquid outside and air inside (e) and in liquid (f). The

liquid has a refractive index of nL.
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wavelength can be well estimated by the waveguide approxima-

tion method. The resonant wavelength increases almost linearly

with increasing refractive index of the liquid, giving rise to a

sensitivity S of 0.3lr/nL at nL = 1.33. For the microtube with

h = 5.5 mm, S = 152 nm/refractive index unit (RIU).

Fig. 3 shows the resonant and sensing parameters for

microtubes with n2 = 2, m = 40 and different wall thickness D.

For microtubes with thick walls (D > 0.05h), the resonant

wavelengths of microtubes are found to have close values in

different environments [see Fig. 3(a)]. However, the Q factors of

microtubes strongly depend on the index n3 of the outer medium

[see Fig. 3(b)]. For microtubes with D > 0.01h, the tube-in-liquid

setup can present a higher sensitivity S than those found for the

other two setups. But when D , 0.01h, resonances exist only in

the liquid-in-tube case. When D approaches zero, the liquid-in-

tube case has mlr/nL#ph and thus can present the maximal

sensitivity.

Smax = lr/nL (5)

In Fig. 3(a) and 3(b), the resonant wavelengths lr and

sensitivities S are also calculated by the waveguide approxima-

tion method. It is found that for microtubes with D , 0.06h that

are immersed in liquid, the waveguide approximation can

present good estimation for both lr and S. However, this

approximation method cannot show the difference between

Fig. 1(d) and 1(e) and overestimates (underestimates) the

sensitivity for the case of liquid-in-tube (hollow-tube-in-liquid).

The detection limit of sensing can be defined as nDL ; lRS/S,

where lRS is the sensor resolution.14 Since 1/50 of the full width

at half maximum (FWHM = lr/Q) of the resonant peak can be

used as lRS, we have nDL = lr/(50QS) so that QS can be regarded

as the figure of merit for the liquid sensing with microtubes. For

microtubes with D/h , 0.19, the liquid-in-tube setup can present

a higher QS than those found for the other two setups [see

Fig. 3(d)]. Using the liquid-in-tube setup, an ideal microtube

with D = 0.06h is found to possess the highest QS and thus the

lowest detection limit.

The above studies are performed for ideal microtubes with

quality factors of Qi. For rolled-up microtubes, the quality factor

Q = (Q{1
i + Q{1

s )21 where Qs is related to the loss from surface

imperfection and cone effects (Q , Qi,Qs and Qs , 5000 for

rolled-up microtubes). In Fig. 4, we simulate the imperfect

microtubes phenomenologically by using a complex refractive

index n2 = 2 + 0.004i in tube walls. It can be seen that although

ideal and rolled-up microtubes have quite different Q factors,

they exhibit almost the same resonant wavelengths and

sensitivities. Here, the differences in lr and S between ideal

Fig. 2 (a) Partial scattering cross section with m = 40 for the microtube

in Fig. 1(f). The parameters are D = 0.02h, n2 = 2 and nL = 1.33 (water).

For h = 5.5 mm, the scale of wavelength l is shown on the top of (a). (b)

The resonant wavelength lr in (a) as a function of nL. The dots are

approximated results from eqn (1) and (2). (c) Field Re (Ez) and (d)

intensity |Ez(x,y = 0)|2 for the resonant mode in (a). The blue, white

and red colors in (c) represent positive, zero and negative, respectively.

The gray and orange regions in (d) denote the water and tube wall,

respectively.

Fig. 3 (a) Wavelengths lr, (b) Q-factors, (c) sensitivities S ; dlr/dnL

and (d) figures of merit QS for the m = 40 resonant modes of the

microtubes in Fig. 1(d)–1(f). (a) and (b) also show the results for the

microtube in Fig. 1(c). The parameters are n2 = 2 and nL = 1.33 (water).

The symbols in (a) and (c) are approximated results from eqn (1) and (2).

Fig. 4 As Fig. 3, but for microtubes with n2 = 2 + 0.0004i.

3800 | Lab Chip, 2012, 12, 3798–3802 This journal is � The Royal Society of Chemistry 2012
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and rolled-up microtubes are found to be about 0.0002. The

reason is that adding a tiny imaginary part into the resonant

frequency fr 3 1/lr will not change |fr| and lr much, while it can

lower the Q factor strongly (Q = Re(fr)/Im(fr)). The highest QS

and lowest detection limit of nDL = 7.6 6 1026 RIU are found by

the case of the liquid cylinder (n3 = 1, n1 = nL and D approaches

0).

By now we have shown that for ideal (rolled-up) microtubes

with n2 = 2, the highest QS and lowest detection limit can be

achieved by using the liquid-in-tube setup and optimal wall

thickness of D = 0.06h (D = 0). Other nontoxic and transparent

materials, which are usually oxides and have refractive indices n2

ranging from 1.45 and 2.5, can be chosen in the tube walls. Fig. 5

shows the highest QS and corresponding parameters (D, lr, Q)

for microtubes with n2 = 1.5–2.5 and under the liquid-in-tube

setup. For ideal microtubes, the optimal D increases from 0.05h

to 0.07h with n2 increasing from 1.5 to 2.5. As n2 increases, the

Q factor increases rapidly [see Fig. 5(b)] and the sensitivity

decreases slightly [see Fig. 5(c)]. Hence, an ideal microtube with

higher n2 can present a higher QS and lower detection limit [see

Fig. 5(d)]. However, for rolled-up microtubes with Q , 5000, the

highest QS is achieved in the liquid-cylinder case and thus

depends little on n2.

Modes with m = 40–80

Oxides with defects such as SiO and HfO are usually

incorporated into the walls of rolled-up microtubes and can

show photoluminescent effects which facilitate the detection of

WGM resonances of microtubes. For rolled-up microtubes with

h = 5–10 mm, WGM resonances with m = 40–80 usually occur in

the photoluminescent spectra (from 550 to 700 nm for SiO).

In Fig. 6, we show results for the resonances with orders m

ranging from 40 to 80. Here, we focus on the case of n2 = 2 and

consider four different values of D/h and the two setups of tube-

in-liquid and liquid-in-tube. The reduced resonant frequency h/lr

is found to increase almost linearly with increasing m and the

curves can be well described by the waveguide approximation

[see Fig. 6(a) and 6(e)]. From Fig. 6(b) and 6(f), it can be seen

that the sensitivity S is found to mainly decrease with increasing

the order m. Although the approximation method can well

describe the case of tube-in-liquid, it cannot satisfactorily

estimate the case of liquid-in-tube. Similar discrepancies between

the approximated and accurate results can also be found in

Fig. 3(c).

For ideal microtubes, the Q factor increases rapidly with

increasing m so that the figure of merit QS also increases [see

Fig. 6(c) and 6(g)]. However, for imperfect rolled-up microtubes

in liquid, the Q factor increases with increasing m and

approaches a constant value [see Fig. 6(h)]. Thus the highest

QS is found at m = 75 (50) for rolled-up microtubes with D =

0.01h (0.02h) in liquid. For rolled-up microtubes with liquid

inside, the Q factor decreases with increasing m so that the

highest QS occurs at m = 40 [see Fig. 6(h)].

Comparison with experiments

In Fig. 6(e) and 6(f), we also plot recent experimental data for a

rolled-up microtube with h = 7 mm.28 It is found that the

experimental result is very close to our theoretical case with n = 2

and D = 0.01h. In previous experiments on rolled-up microtubes

for liquid sensing, the tube-in-liquid setup is usually applied.28

By comparing Fig. 6(d) and 6(h), we can see that if a scheme of

Fig. 5 (a) Resonant wavelengths lr, (b) Q-factors, (c) sensitivities S and

(d) figures of merit QS of the optimal point A in Fig. 3(d) and A9 in

Fig. 4(d). Im (n2) = 0 for A and Im (n2) = 0.0002Re (n2) for A9. The inset

to (a) shows the wall thicknesses of microtube D at A and A9.

Fig. 6 Resonant wavelengths lr, sensitivities S, Q-factors and figures of

merit QS as functions of order m for microtubes with Re (n2) = 2. (a)–(d)

and (e)–(h) are for the cases of Fig. 1(d) and 1(f), respectively. (c) and (g)

are for ideal microtubes with Im (n2) = 0. (d) and (h) are for imperfect

microtubes with Im (n2) = 0.0004. The symbols except crosses in (a), (b),

(e) and (f) are approximated results from eqn (1) and (2). The crosses in

(e) and (f) are experimental results for the microtube with h = 7 mm in

Ref. 28.
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liquid-in-tube is used, the figure of merit will be improved three-

fold for liquid sensing. We note that for the case of liquid-in-

tube, the waveguide approximation fails and accurate methods

such as the Mie scattering theory should be applied.

Conclusions

The optical resonances and liquid sensing capability of rolled-up

microtubes have been studied systematically based on a Mie

scattering method. Analytical formulas are presented to calculate

the resonant wavelength lr, Q factor, sensitivity S and figures of

merit QS. It is found that the highest QS can be achieved by using

the liquid-in-tube setup and rolled-up microtubes with very thin

wall thicknesses. Using this liquid-in-tube scheme, the figure of

merit is predicted to be improved at least 3-fold over the current

value with the tube-in-liquid setup. A maximal sensitivity is found

in the case of the liquid cylinder. Our theory also well explains a

recent experiment under the tube-in-liquid setup. It is also found

that, although it describes well the case of tube-in-liquid, the

approach of waveguide approximation is not suitable for the case

of liquid-in-tube. The results could be useful for the design of

better optofluidic devices based on rolled-up microtubes.
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