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Optical microcavities have been experimentally demonstrated as an ultrasensitive device for optofluidic
sensing, and monitoring of spectral shifts has been widely used in these microcavity-based optofluidic sensors.
Here, spectral splitting around exceptional points (EPs) is proposed for optofluidic applications, which is based
on tubular microcavities with a subwavelength-thin wall in a liquid-in-tube configuration. Both possibilities
of a highly integrated optofluidic refractometer and an extinction coefficient sensor of liquid are discussed.

Discussions on the sensitivity of these mode-splitting based optofluidic devices are presented to reveal their
great potential in the detection of ultra-small refractive indices changes.

1. Introduction

Optofluidics, a combination of optics and microfluidics, has been
widely utilized in the fields of environment, biology and chemistry
[1-11]. Various optical microstructures, such as optical microcavi-
ties [1,2,12,13], plasmonic nanoantennas [14], photonic crystals [15,
16] and dielectric waveguides [17] have been applied in optofluidics.
Among them, the optical microcavities supporting whispering-gallery
modes (WGMs), such as microtoroids [18,19], microrings [1,2,8,20]
and microtubes [21-25], have attracted considerable attention for
optofluidic sensing owing to their ultra-high sensitivity. However,
there is an essential constraint in the optofluidic sensing with these
microcavities, i.e., the frequency shift exhibits a nearly linear response
to the variation in refractive indices of liquid, which sets a fundamental
limitation on the ultimate performance.

In a different context, it has been recently proposed and soon after
demonstrated that the sensitivity of single-nanoparticle detection based
on mode splitting at exceptional points (EPs) in WGM microcavities is
enhanced compared to that at diabolic points (DPs) [26]. DPs originate
from the degenerated clockwise (CW) and counterclockwise (CCW)
modes in the WGM microcavities with circular symmetry [27], while
EPs stem from the originally degenerated CW and CCW modes with a
complex-square-root topology in a circular asymmetric WGM microcav-
ity [28-30]. Since the eigenvalues of the degenerated modes overlap
at a DP, they would be separated in spectra as a single nanoparticle
enters. Such phenomenon is called mode splitting and has been used
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for the detection of the single nanoparticle. Following a similar line
of reasoning, single-nanoparticle also induces the mode splitting from
EPs. However, the magnitude of the mode splitting at EPs is much
greater than that at DPs for small nanoparticles, because not only
the eigenvalues but also the eigenvectors of the degenerated modes
collapse at the EPs [29,30]. Therefore, the sensitivity at EPs is enhanced
for mode-splitting based single-nanoparticle detection, which provides
a new sensing approach in theories and experiments.

Dissimilar to the single-nanoparticle detection, no mode splitting
at DPs could be observed for optofluidic sensing simply because the
change in liquid refractive index would not break the mode degeneracy
of DPs supported by the circularly symmetric WGM microcavities. On
the contrary, the refractive index change of liquid will break the mode
degeneracy at EPs in the circularly asymmetric microcavities, resulting
in the mode splitting. In other words, the mode splitting phenomenon
at EPs could be used for the optofluidic sensing. Moreover, the resul-
tant frequency shift near the EPs exhibits a nonlinear relation of the
refractive index of liquid, and thus not constrained by the fundamental
limitation mentioned above. Nevertheless, to the best of our knowledge,
there have been no reports on optofluidic sensing based on the mode
splitting at EPs.

In this work, we observed EPs in an optofluidic system consisting
of two nano-cylinders adjoined to a microtube. A mode splitting was
then generated in this optofluidic system when the liquid’s refractive
index changes. Both a refractometer and a liquid extinction coefficient
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Fig. 1. A comparison between mode splitting of exceptional points (EPs) system and shifts of diabolic points (DPs) system. (a): Microtubes at diabolic points (DPs) have symmetric
circular geometries with channels for liquid flow. The cross-section of microtubes exhibits ring-shaped geometry, as shown in the (a). (b): Exceptional points (EPs) are obtained by
varying two nano-cylinders locations adjoined to microtubes, The cross-section of microtubes and two nano-cylinders are also presented in (b). (c)(d): The degenerate modes can
be directly observed in (c) at a DP and with the small changes of refractive index of liquid in (d), the modes are still coalesced and shifts are observed. (e)(f): An EP is obtained
in (e), with two modes coalesced both in resonant wavelength and Q-factor. With the same changes of refractive index, the mode splitting can be observed in (f).

sensor using the mode splitting in the vicinity of EPs are discussed.
These results show the possibility of a mode-splitting based optofluidic
sensing and extend the usability of the EPs microcavities.

2. Theory and methods
2.1. Model and system

Tubular microcavities, with a small mode volume and a high quality
factor (Q-factor), have been used in optofluidic sensing [21-26]. Vari-
ous methods, such as rolled-up nanotechnology [31], direct laser writ-
ing technique [25] and chemical-template synthesis [31,32], have been
proposed to fabricate such tubular microstructures. The microtubes
used in an optofluidic system basically have a symmetric geometry,
as shown in Fig. 1(a) [1,21]. The cross-section of the microtubes
is also represented. With an assumption that there is a continuous
translational symmetry along the axial direction [28], the microtube
can be simplified as a microring in the two-dimensional cross-sectional
plane.

In the optofluidic sensing using microtubes, there are three different
configurations: the liquid-in-tube, where liquid is only in the inner
core; the hollow-tube-in-liquid, where liquid is only in the outside;
and the tube-in-liquid with both parts filling with the liquid [33].
Here, we use the liquid-in-tube configuration in optofluidics, with the
liquid refractive index n;, = 1.33 (Extinction coefficient of liquid k; =
0, assuming no gain and loss). Other parameters in Fig. 1(a) are as
following: the inner diameter D; = 2.88 um, the thickness of tube
t = 160 nm, the refractive indices of microtubes n = 2.0 and the air
n,e = 1, which are kept constants unless otherwise noted.

Following the single-nanoparticle detection system [27,29,30,34],
a configuration to find EPs in optofluidics is presented in Fig. 1(b).
We design two ultra-thin cylinders adjoined to the microtubes, where
the configuration can be also simplified into ring-shaped geometry
with two nano-particles, owing to the same assumption in Fig. 1(a).
The cross-section in Fig. 1(b) indicates that two cylinders are defined
by the distance d; from microtubes, the diameter D, and D, of each
cylinder and the angle § between two cylinders. In this work, d; =
16 nm and D, = 137.6 nm are defined for the first cylinder, while
only d, = 24 nm is defined for the second, leaving the size of second
particle D, and angle # as variational parameters to be close to EPs. In
addition, other parameters are set to be the same as those in symmetric
tubes in Fig. 1(a). These models might be realized in the experiments
by direct laser writing [25] and photoluminescence (PL) microscopy
measurement [21] for optofluidics.
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2.2. Finite element methods

To approach the EPs and subsequent results, Maxwell equations
are utilized and simplified to a three-dimensional scalar Helmholtz
equation (1) in the cylindrical coordinate system, with the assumption
of infinite length in axial direction [28,35],

v? 2 @ _y 1
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where y is the wave function, o is the complex frequency, c is the speed
of light in the vacuum, and n(p, ¢, z) is the piecewise constant refractive
index [21]. The finite-element methods (FEM) are adopted to solve the
two-dimensional differential equation reduced from Maxwell’s equa-
tions with Sommerfeld radiation wave conditions at infinity, which
express the equations associated boundary conditions as a set of linear
equations that can be solved computationally using linear algebra [36].
In addition, we mainly consider transverse magnetic (TM) polarization
mode in this work.

3. Results and discussion
3.1. Mode splitting for optofluidic sensing

Our results show that the EPs are observed with appropriate param-
eter values in optofluidic system and mode splitting can be generated
when the refractive indices change. The comparison between micro-
cavities at a DP and an EP are illustrated in Fig. 1(c)—(f), respectively.
Fig. 1(c) and (d) show the microcavities at a DP with n; changing
from 1.330 to 1.332. Blue solid line and red dashed line represent two
degeneracy modes in the same circular conditions. The peak locations
are highlighted by the vertical blue solid lines and red dashed lines,
and the Q-factors are calculated according to the formula: Q = 1/44,
where A is the resonance wavelength and 44 is the full width at half
maximum (FWHM) [19]. The resonance peak locations and Q-factors
in Fig. 1(c) and (d) indicate that two modes are absolutely coalesced
regardless of n; value. Upon the changes of refractive indices, only
resonant wavelength shifts can be observed in the spectra. The reason
is that the whole system is consistently symmetric with the changes of
refractive indices, leading to constant degenerated modes.

On the contrary, distinct results are found at an EP. Fig. 1(e) and (f)
show the EP and the mode splitting for optofluidic sensing. In Fig. 1(e)
two modes can be coalesced when D, = 141.760 nm and g = 1.075 061.
The lower Q-factor and the slight shift in the resonance wavelength can
be attributed to the extra scattering coupling to two cylinders compared
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Fig. 2. Electric field intensity of resonant modes by varying D, and p parameters
in tubular microcavities with the subwavelength thin walls. (a): Two coupling modes
are far away from the EP, and the stationary wave can be directly observed in the
geometry. Meanwhile, the modes are different in the electric intensity distribution.
Importantly, strong electric intensity is found at the outside of tubular surface, making
the interaction between tubular geometry and particles more sensitive than disk
geometry. (b): The coupling modes are ultra-close to the EP, with same travel wave
can be found in the figure. Similarly, strong electric intensity distribution is found at
outside of the tubular surface.

with the circular symmetric microcavities. More importantly, the mode
splitting in the microcavities is fulfilled under small change of the
refraction index, such as n; = 1.332, as illustrated in Fig. 1(f). Not only
at resonance wavelength position but also at Q-factors can the mode
splitting be observed. The mechanism behind such splitting could be
explained as following: the change of refraction index can be regarded
as a small perturbation to the original system where two modes is ultra-
close to the EP, and the perturbation causes two modes to shift away
from the singularities, resulting in the splitting.

3.2. Mode splitting in subwavelength-thin walled tubular microcavities

Compared with the mode splitting studied in microdisks [27,29,30,
34], the mode splitting here is particularly based on tubular geom-
etry and the subwavelength-thin wall. Such unique features of tubu-
lar microcavities have been investigated, suggesting that weak light
confinement faculties of the geometry result in high sensitivity for
detection, especially in optofluidics [21]. Thus, we systematically probe
the electric field intensity and topological structures around the EP to
explore the sensing potential with such structures. Fig. 2 indicates the
electric fields of resonant modes when the parameters are around the
EP. Fig. 2(a) shows two splitting mode pairs away from the EP, where
the parameters are set as D, = 140.800 nm and g = 1.075 000. The
stationary wave modes can be directly found due to the coupling of
CW and CCW modes, and the discrepancy with the conventional disks
is illustrated by the higher distribution of electric field intensity near
the outside surface of tubular structures. As a comparison, when the
parameters are close to the EP with D, = 141.760 nm and g = 1.075
061, as expected, two modes would become similar in the electric
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Fig. 3. Topological structures of the EP in the § - D, parameter space. (a): Resonance
wavelength of two coupling modes in the parameter space. (b): The full width at
half maximum (FWHM) of two coupling modes in the parameter space. The red
points represent the EP and red dashed lines illustrate the distinguished square-root
relationship as nonlinear behaviors . (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)

field intensity, demonstrating that the systems are close to the EP, as
presented in Fig. 2(b). The intensity of electric fields in the near-field
also illustrates the stronger evanescent fields in the structures. The
mechanism of the stronger evanescent fields can be explained as the
reflection happening at the inner surface where there is an interaction
between microcavities and liquid. What is more, the subwavelength-
thin wall contributes to the much stronger coupling of evanescent fields
to environment and small perturbation than thick wall due to the
reduction of light confinement. In other words, despite the lower Q-
factors, the tubular microcavities make it more sensitive to perturbation
of the near-field, for example, the particles and the refractive index,
owing to the enhanced intrinsic backscattering and smaller wall size
than resonance wavelength.

Meanwhile, we discuss the topological structures of two coupling
pairs around the EP, as shown in Fig. 3. Fig. 3(a) and (b) show
the resonant wavelength and the FWHM in the g-D, parameter space,
respectively. The EP are as critical points in the topology structures
highlighted in red. Moreover, resonant wavelength and FWHM clearly
demonstrate the complex-square-root topology around EPs, as marked
by red dashed lines. These results illustrate that nonlinear behaviors of
the mode splitting can be applied in optofluidic sensing.

3.3. Refractometer

Attributed to nonlinear behaviors around the EP shown in Fig. 3,
the mode splitting reveals its applicability in optofluidic sensing. Most
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Fig. 4. The mode splitting can be used as refractometer and modulation of refractometer. (a): The mode splitting is represented as splitting of two coupling modes in the EP
system (dark solid line), in contrast to the peak shifts of resonant wavelength in the DP system (red dashed line). With ultra-small changes of refractive indices (~10~°), the mode
splitting is larger than the peak shift. (b): The sensitivities of mode splitting imply that with smaller changes of refractive indices, larger sensitivities will be achieved. (c): The
mode splitting is modulated by the wall thickness of tubular microcavities. (d): The sensitivities of mode splitting indicate that larger sensitivities are obtained with thinner wall
thickness . (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

extensively, the refractometer utilized to detect refractive indices of
liquid has been widely investigated by many different methods, such
as optical microcavities [37-40] and optical fibers [41-44]. For optical
microcavities, most of the works deduce the refractive index from
the shifts of resonant wavelength based on WGMs. However, the key
problems of these techniques are the limitation of detection (LOD)
and maximum sensitivities. More importantly, the LOD and sensitivities
are naturally constrained because of the inherent linear relation with
frequency shifts and refractive index of liquid, inducing the puzzle for
detection of ultra-small changes of refractive index. As an extraordinary
method, novel nonlinear behaviors of EP systems can be utilized as
highly sensitive refractometer. Since two degeneracy modes will split
both in resonant wavelength and FWHM, we mainly focus on the reso-
nant wavelength splitting as a congruous contrast with the wavelength
shifts at DPs.

Fig. 4(a) shows the mode splitting of resonant wavelength at an
EP and wavelength shifts at a DP of two degeneracy mode with the
increasing refractive index of liquid. The initial refractive index of
liquid is 1.330 and the extinction coefficient of liquid is assumed as 0.
The black solid line shows the wavelength splitting at the EP according
to A, = AAy, — 44y, where 44,, is the wavelength difference of two
splitting modes, the change of refractive index 4An = n; — 1.330 and
A} is the wavelength distance of two splitting modes when n; = 1.330.
The red dashed line shows the wavelength shifts at the DP, defined with
Ar = Agn — A9, Where 4y, is the degenerate resonant wavelength while
Ao is the degenerate resonant wavelength when n; = 1.330. Though
near-linear relation around the DP is based on the frequency shifts,
the wavelength, defined as 1/4 nf/c, can also be approximately
regarded as the near-linear relation due to the ultra-small ranges of
refractive index changes, as shown in Fig. 4(a). As the refractometer,
the splitting exhibits larger values than the shifts, with 4An ranging from
0 to 2 x 1073, Moreover, the results demonstrate that the mode splitting
demonstrates a square-root relation (4n)!/2 corresponding to the two-
order EP systems [26] in contrast to the near-linear relations of DP, as
presented in Fig. 4(a). Therefore, when the changes of refractive index
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are ultra-small (far smaller than one refractive index unit (RIU)), the
splitting would be ultra-larger than the shifts in the DPs.

Furthermore, as the most significant properties for sensing, the
sensitivities using shifts in the DP and the splitting in the EP are shown
in Fig. 4(b), with 4n ranging from 1 x 107 to 2 x 1073, Calculated
according to S = dA,/d(4n), the sensitivities at the EP and DP are in
the black solid line and the red dashed line, respectively. The stable
sensitivities at the DP in small ranges could clearly be observed, making
it hard to differentiate ultra-low concentration change in liquid owing
to detector limitation. Moreover, distinct singularities result in the
high sensitivity around the EP, as the nontrivial topological structures
show. In Fig. 4(b), the sensitivity can reach at 165 nm RIU~! with
4An = 1 x 1079, threefold larger than the sensitivity at the DP (63 nm
RIU~1) under the same An, demonstrating that the sensitivity at EPs can
be higher than at DPs with the same size of microcavities. Especially
when there are extremely small liquid refractive index changes from
the EP, like 4n < 1 x 1079, the sensitivities would also be higher, which
might theoretically have large LOD in the EPs system. Furthermore,
however, if the EPs system is applied in the experiments, the noise
from temperature fluctuation [45] and variation of structure as well
as detectivity limitation of measurement might influence the LOD of
system. In that case, calibration method and criteria like using PL
microscopy and multiple measurement might reduce the influence of
noise.

Although the relatively high sensitivities in EPs break the limitation,
the modulation of sensitivities remains obscure in the system. As higher
sensitivities would be possible under the condition of subwavelength
thin wall, the thickness of wall needs to be considered to realize the
optimization of sensitivities. Despite the change in thickness, the out-
ermost radius (R) of microtubes is invariable. The results demonstrating
the relation between thickness and splitting with the refractive index
ranging from 1.330 to 1.3302 are presented in Fig. 4(c). The red and
blue lines represent the thickness # = 0.09R and ¢ = 0.11R, respectively.
For parameters, the EPs are ultra-closed when D, = 133.504 nm and
p = 1.072 617 (t = 0.09R) or D, = 140.416 nm and g = 1.074 957
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(t = 0.11R). Obviously, larger splitting is observed when = 0.09R
compared with 1 = 0.11R, with the mode splitting of both thicknesses
conform to the square-root relation. These results illustrate that the
stronger intrinsic backscattering can lead to higher sensitivities due to
the thinner wall thickness. The sensitivities are also shown in Fig. 4(d),
using the same formula in Fig. 4(b) with 4n ranging from 1 x 107*
to 2 x 1073, As expected, the results show the higher sensitivities in
t = 0.09R compared to ¢t = 0.11R. These results including the nonlinear
behavior and sensitivities modulation clearly justify the potential of the
system to be applied as refractometer in optofluidic sensing.

3.4. Extinction coefficient sensing of liquid gain mediums

Extinction coefficient, as considered, is a vital field in environ-
mental, chemical and biological concentration sensing [46]. Basically,
the extinction coefficient k is also the imaginary part of the complex
refractive indices of liquid n n + ik, representing the gain or
loss of the medium. Importantly, the liquid gain mediums, such as
fluorescent dyes and biological aqueous buffers, have been widely
utilized in lasers and sensors [2,47-53]. Such as fluorescent dyes, k
is depended on the dye concentration, which directly impacts upon
the optical properties such as lasing threshold [47]. Moreover, the
concentration-depended extinction coefficient k would change with the
photochemical degradation of fluorescent dye-doped polymers under
lasing conditions [48]. However, it is hard to precisely detect the
ultra-small changes of k by deducing from the intensity with constant
refractive indices n using liquid gain mediums. Even for the normal
microcavities, the peak locations of resonance remain unchanged when
only the extinction coefficient of liquid changes. More importantly,
since in our work the mode splitting with non-linear behaviors around
EPs is ultra-sensitive with the changes of liquid, it is possible to detect
ultra-small changes of extinction coefficient of liquid.

To simplify the problem, we define the refractive index of liquid as
a constant value (r;, = 1.330) in this section. For extinction coefficient,
k > 0 means the absorption of liquid and k < 0 means the gain. Here,
we mainly discuss about k < 0, due to the gain medium properties.
The results are shown in Fig. 5. Fig. 5(a) shows the mode splitting
distance at an EP (black solid line) with Ak changes. The mode splitting
is defined as A, = 44, — 4A,, where 44, is the wavelength distance of
two splitting modes, and 44, is the wavelength distance of two splitting
modes when k = 0. Moreover, the wavelength shifts at a DP (red dashed
line) are also shown in Fig. 5(a), according to A, = 4, — 4. As expected,
the splitting rapidly increases with small changes from the EP, while the
resonant wavelength locations at the DP are nearly zero with tiny fluc-
tuation ranging from 0 to —3 x 10~*. Furthermore, the splitting follows
the two-order EP system, exhibiting a complex-square-root relationship
between splitting and changes. The sensitivities for mode splitting and
wavelength shift have been calculated in Fig. 5(b), stipulated by .S, =
dA,/d(Ak). With smaller changes from the EP, the sensitivity can be
higher, such as the sensitivity can reach 155.2 nm k~! at gain changes k
=—0.000 01 from k = 0. Compared to the sensitivity for the DP which is
approximated to zero, the EP system can be a new method and technol-
ogy for detecting the extinction coefficient for those who have similar
refractive indices and tiny extinction coefficient difference in liquid
circumstance. What is more, the absorption sensing as k > 0 could
also have higher sensitivities in EPs system compared with DPs system,
as shown in Fig. S1 of Supplementary material, which illustrates the
broad application potential of EPs system for extinction coefficient
test.

4. Conclusion

In optofluidic systems using tubular microcavities, we have ob-
served EPs and the associated mode splitting. A nonlinear response of
the mode splitting around the EPs has been observed, which provides a
high sensitivity for an ultra-small change in refractive indices, and thus

132

Optics Communications 446 (2019) 128-133

0.02 T
(a)
Mode splitting (EP)
50.01 - .
S
Peak shift (DP)
0 ;
0 -1.5 -3
Ak (10
(b) '
150 - 1
Mode splitting (EP)
S 100t
z 100
£
£
“ 50t
Peak shift (DP)
0 C i
0 -1.5 -3
Ak (10)

Fig. 5. Mode splitting can be used as liquid extinction coefficient sensing. (a) The
mode splitting in the EP system is in contrast to the peak shifts in the DP system along
with the changes of extinction coefficient, the mode splitting increases rapidly and the
peak shift is stably ultra-close to 0. (b). The sensitivity of mode splitting indicates the
superiority of EP system.

could be applied as refractometers. Moreover, the extinction coefficient
of liquid could be detected by the mode splitting mechanism, though
it is hard in the traditional optical microcavities using DPs. This EPs
optofluidic system thus breaks the fundamental limitation of the sym-
metric counterpart and renders itself a promising candidate for small
molecule detection and ultra-low concentration detection in an on-chip
manner.
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